COUNTING EQUIVARIANT SHEAVES ON K3 SURFACES

YUNFENG JIANG AND HAO MAX SUN

ABSTRACT. We study the equivariant sheaf counting theory on K3 surfaces with finite group actions. Let
S = [S/G] be a global quotient stack, where S is a K3 surface and G is a finite group acting as symplectic
homomorphisms on S. We show that the Joyce invariants counting Gieseker semistable sheaves on S
are independent on the Bridgeland stability conditions. As an application we prove the multiple cover
formula of Y. Toda for the counting invariants for semistable sheaves on local K3 surfaces with symplectic

finite group actions.
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1. INTRODUCTION

Let S be a smooth projective surface over C and X = S x C the local K3 surface. The sheaf counting
theory of S and X, such as Donaldson-Thomas invariants and Pandharipande-Thomas invariants, has
rich geometric structures. In [25], [26], Y. Yoda studied the Joyce counting invariants of semistable
objects in the derived category defined by Bridgeland stability conditions. Especially in [25], Toda
proved that the Joyce invariants are independent to the stability conditions, and he used this result to
study the Pandharipande-Thomas stable pair invariants of local K3 surfaces in [26]. A multiple cover
formula for the Joyce invariants for X was conjectured in [26], and proved in [19] using both the
Gromov-Witten theory of local K3 surfaces and the Pandharipande-Thomas stable pair theory. The
multiple cover formula is essential to the calculation of the generating series of the SU(r)-Vafa-Witten
invariants for K3 surfaces in [24].

The multiple cover formula of Toda was generalized and proved to be true for étale K3 gerbes in
[16], which is essential to calculate the SU(r) / Z,-Vafa-Witten invariants for K3 surfaces in [17]. Both
the generating series of the SU(r)-Vafa-Witten invariants and SU(r)/Z,-Vafa-Witten invariants for
K3 surfaces are the two sides inspired by the S-duality conjecture in [27]. The S-duality conjecture of
Vafa-Witten for K3 surfaces was proved in prime rank by [13], [15], and all ranks in [17].

In this paper we study the sheaf counting theory for local orbifold K3 surfaces, and prove a
multiple cover formula for the Joyce invariants counting semistable sheaves on local orbifold K3
surfaces. The formula is essential to calculating the generating function of the SU(r) / Z,-Vafa-Witten
invariants for orbifold K3 surfaces in [14].

1.1. Sheaf counting on [S/G]. Let S be a smooth projective K3 surface and G a finite group acting
on S as symplectic morphisms. We consider the surface Deligne-Mumford stack S = [S/G]. The
action of G on S only has isolated fixed points, and the classification of the number of fixed points
corresponding to different finite group actions are given in [9, Chapter 15]. Thus all the stacky locus
of S = [S/G] are stacky points, and they are given by ADE type singularities on the coarse moduli
space S = S/G. Let ¢ : Y — S/G be the minimal resolution. It is a crepant resolution and the
exceptional curves over a singular point in S/G are given by ADE type Dynkin diagrams.

Let Coh(S) be the abelian category of coherent sheaves on S, which is by definition the category
of G-equivariant sheaves on S. We fix an ample divisor w on S. Similar to the K3 surface, we define
the orbifold Mukai vector vy, (E) for any object E € Coh(S) as:

vorp (E) = Ch(E) - /s = (Cho(E), Chy (E), Cho (E) + Cha(E)) € Hi(S)

where Ch is the orbifold Chern character and td is the orbifold Todd class. Here HER(S) is the Chen-
Ruan cohomology of S. Let I'§ be the group of all the orbifold Mukai vectors.

We take M (Coh(S)) to be the moduli stack of coherent sheaves on S, which is an algebraic stack
locally of finite type over C. We work on the moduli stack M, (0,1, ) of w-Gieseker semistable sheaves
E € Coh(S) with 0y, (E) = oy, € I§. In general, one takes a generating sheaf Z on S = [S/G] as
in [20] and define the moduli stack of semistable sheaves on S = [S/G] using the modified Gieseker
stability defined by Z. Since S = [S/G] only has isolated stacky points, the modified Gieseker
stability is equivalent to the w-Gieseker stability.

There is a Hall algebra structure on Coh(S) and we denote it by H(Coh(S)), see §2.4. Thus we
have an element

Ow,s := [Mew(vorp) — M(Coh(S))] € H(Coh(S))
We take its logarithm as:

(1!

5&1,8(01) Kok w,S(Uﬁ)

(1.1.1) €w,5(Vorb) = )y

(=101 +'~~+vg:v0rb,viel"g
Xw,vi (m)ZXw,vorb (Wl)

where X, , . (m) is the reduced Hilbert polynomial.
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Let
C(S) := Im(vgyp : Coh(S) — T§).
Then the Joyce invariants are defined as follows. If vy, € C(S), we define
(1-1~2) ]w(vorb) = llim (qf 1)P17(€w,8(vorb>)
g2 -1
where P;(—) is the Poincaré polynomial of the stack. The Joyce invariants are independent to the
polarization w.

Generalizing the construction in [3], there exist Bridgeland stability conditions o = (Z, .A) on the
bounded derived category D?(Coh(S)) of coherent sheaves on S. Here Bridgeland stability condition
o = (Z,A) is a pair, where A is the heart of a bounded t-structure on D?(Coh(S)),and Z : K(A) — C
is the central charge satisfying certain conditions, see §2.6 for more details. We define M (v,y,) to
be the moduli stack of o-semistable objects E € A with vy, (E) = vop. The heart A is an abelian
category. Let H(.A) be the Hall algebra of A. Then similar to (1.1.1), we replace the moduli stack
there by the moduli stack of o-semistable objects in A and define the Joyce invariants J7(vy,) in the
same way. Our first main result is:

Theorem 1.1. (Theorem 2.8) The Joyce invariant |7 (vyy, ) is independent to the stability conditions. Moreover
]U(Uorb) = J“(Vorb)-
We prove Theorem 1.1 in the remaining subsections in §2.

1.2. Multiple cover formula. We generalize the above counting invariants to the local orbifold K3
surfaces. Let X := S x C be the local orbifold K3 surface, which is a Calabi-Yau threefold Deligne-
Mumford stack. Let 7 : X — C be the projection and let Coh,(X) < Coh(X) be the subcategory
of coherent sheaves supported on the fibers of 7. Let M (Cohy (X)) be the moduli stack of objects
in Coh,(X), which is an algebraic stack locally of finite type. Still fix the polarization w, and let
M,z (Vo) be the moduli stack of w-Gieseker semistable sheaves E € Coh,(X) with vy (E) =
Vorb € IS Let H(Cohx (X)) be the Hall algebra. We have

S, = [Me,x (Vorn) — M(Cohr(X))] € H(Cohr(X))

Its logarithm is:

(-1
(1.2.1) €. x (Vo) = > 7 O,z (1) * -+ % 0o, x ()

021,01+ +0y=0o, ;€T
Xw,vi (m) :X“’/Uorb (m)

The Joyce invariants counting semistable coherent sheaves in Coh,(X) are given by

]%(Uorb) = llim (q - 1>Pq(€w,%(vorb)> € Q
g2 -1

Our second result is the multiple cover formula of such invariants:

Theorem 1.2. (Theorem 3.7) We have a multiple cover formula for Jx (Vo ):

1 .
Jx (Vo) = Z kﬁX(Hll o (S))
klogm k=1
where the data n, m are determined by %vorb = (r,(B,m),n), and Hilb™™(S) is the Hilbert scheme of the
orbifold K3 surface S with data (n, m).

We prove Theorem 1.2 by working on the sheaf counting invariants on the compactification X =
SxPland Z = Y x PL. For the crepant resolution Y — S/G. From [5] There exists a derived
equivalence

® : D(Coh(S)) — D(Coh(Y)).
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The equivalence induces the following equivalence:
® : D(Coh,(X)) — D(Cohx(Z))

where Coh,(X) = Coh(X) (rep. Cohx(Z) = Coh(Z)) is the subcategory of coherent sheaves on
X (rep. Z) supported on the fibers under 7 : X — P! (rep. 77 : Z — P!). Then we define the
Joyce invariants J5 (Vo) (rep. J7(vy)) on the categories above. The invariants satisfy the relation
T (Vorb) = 2] % (Vorb). We prove the automorphic property for the invariants [ (0oy), and show that
it is the same as Jz(vy) under the isomorphism @, : Hiy(S) — H*(Y) such that @4 (vop) = vy.
The multiple cover formula for the invariants Jz(vy) in [26], [19], plus the properties of the Hilbert
scheme Hilb(S) of zero dimensional substacks in S (see [6]) implies the formula in Theorem 1.2.

1.3. Outline. Here is the short outline of the paper. We study the sheaf counting invariants on
the orbifold K3 surface [S/G] in §2, where we prove Theorem 1.1. The Joyce invariants counting
semistable sheaves on the local orbifold K3 surfaces are defined in §3, and we prove Theorem 1.2.

1.4. Convention. We work over complex number C throughout of the paper. We use Roman letter
E to represent a coherent sheaf on a projective DM stack S, and use curly letter £ to represent the
sheaves on the total space Tot(L£) of a line bundle £ over &. We reserve rk for the rank of the torsion
free coherent sheaves E.

Acknowledgments. Y.]. would like to thank Amin Gholampour, Martijn Kool, and Richard Thomas
for valuable discussions on the Vafa-Witten invariants. Y. J. is partially supported by Simons
foundation collaboration grant. H. M. S. is partially supported by National Natural Science
Foundation of China (Grant No. 11771294, 11301201).

2. THE JOYCE INVARIANTS FOR QUOTIENT K3 SURFACES

2.1. Symplectic action on K3 surfaces. Let S be a smooth projective K3 surface, and G a finite
group which acts on S as symplectic morphisms. We consider the surface Deligne-Mumford stack
S := [S/G]. From [9, Chapter 15], the action only has isolated fixed points which are all ADE type
singularities on the coarse moduli space S = S/G. For instance, when G = p,, there are totally 8
isolated A;-type singularities, and this is called the Nikulin involution. More basic properties of the
symplectic action on the K3 surface S can be found in [9, Chapter 15].

2.2. Mukai lattice. For the K3 surface S with H'(S, Os) = 0, the Mukai lattice is define by:
H(S,Z) := H(S,Z)® H*(S,Z) ® H*(S, Z)
and for v; = (r;, Bi, n;) € H(S,Z) (i = 1,2), the Mukai paring is defined as:
(22.1) (v1,v2) = B1B2 — 112 — rany.
There is a weight two Hodge structure on H (S,Z) ® C, which is given by:
H20(S) := H20(5);

HY(S) := H*0(S) @ H'(S) @ H>*(S);
HO2(S) := HO2(S).

Define:
To:=H(S,Z)nHY(S)=Z®NS(S)®Z.
The Mukai vector v(E) € T for any E € D?(Coh(S)) is defined by
v(E) := Ch(E)+/tdg = (Chy(E),Ch;(E),Chg(E) + Chy(E)).
Riemann-Roch theorem tells us that

X(E, F) = —=(o(E), o(F)).
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2.3. Orbifold Mukai vector. Let S = [S/G] be the surface Deligne-Mumford stack given by the
symplectic action of G on S. We consider the Chen-Ruan cohomology

HCR S Q @ H*™ 2age(S, S Q)
ielg
where the inertia stack IS = | |/, S is the decomposition of the inertia stack of S and Is is the
finite index set. We let Sy := S corresponding to the non-twisted sector. All of the other components
S; for i # 0 are isolated stacky point BGs, where Gs, < SU(2) is a finite subgroup of SU(2) which
corresponds to the centralizer of the conjugacy class (g) in the local isotropy group of the stacky
point. The component S; always have age 1. We let ;S < IS be the components in the inertia stack
containing all twisted sectors (which are all stacky ADE type points).
We define a similar weight two Hodge structure on

Her(S) = HXR(S) ® HER(S) @ HEg(S)

which is given by:
ﬁég(é‘) = H>9(S);
HE(S) == HO(S) @ HY(S) @ HO(I;S) ® H*(S);
HZZ(S) := HO2(S).

We define

I§ == Her(S) n Hi(S) = Q@ HY (S)@Q "9 Q = Q@ Ns(S) @Sl @

where |I; S| is the number of components in [;S. We define the orbifold Mukai vector vy, (E) for any
E € D’(Coh(S)) as

0osb (E) = Ch(E) -y/tds = (Cho(E), Ch (), Cho(E) + Cho(E))
where Ch : K(Coh(S)) — HEz(S) is the orbifold Chern character. The orbifold Riemann-Roch
theorem (for instance [7]) says that
X(E, F) = =(0or (E), vor (F))
for E, F € D?(Coh(S)).

2.4. Hall algebra. We talk about the counting sheaf invariants on the derived category D?(Coh(S))
of coherent sheaves on S. It is well known that D?(Coh(S)) is the same as the derived category of G-
equivariant sheaves on the K3 surface S. Let us denote by M (Coh(S)) the moduli stack of coherent
sheaves on § = [S/G]. The stack M (Coh(S)) is an algebraic stack locally of finite type over C. We
fix a ample divisor w on S = S/G. Let voy, € 1"6; and

Mw,S (Uorb) < M(COh(S))
the substack of w-Gieseker semistable sheaves E € Coh(S) satisfying vy, (E) = Uopp-
Let H(Coh(S)) be the Q-vector space spanned by the isomorphism classes of symbols:
[ L M(Coh(S))]
where X is an algebraic stack of finite type over C with affine stabilizers and f is a morphism of
stacks. The relations are given by:
(241 1 L M(Coh(8))] — [V 2 M(Coh(8))] - [t 4 M(Coh(S))]

where ) < X is a closed substack and &/ = X\). There is a Hall algebra structure on # (Coh(S))
given by the Hall algebra product *

Hoh

(2.4.2) (X £ M(Coh(8))] * [V 5 M(Coh(S))] = [Z ™3 M(Coh(S))]
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where Z and # fit into the Cartisian diagram:

h p2

Z

Ext(Coh(S))

\L(Phpz)

X x Y L& M(Coh(S)) x M(Coh(S))

M(Coh(S))

where Ext(Coh(S)) is the stack of short exact sequences in Coh(S) and
pi : Ext(Coh(S)) — M(Coh(S))(i =1,2,3)
are morphisms of stacks sending a short exact sequence
0> FE —Ey—E3—0

to the objects E; respectively.
2.5. Joyce invariants. Joyce [18] defined a morphism
Py : H(Coh(8)) — Q(g?)
such that if H is a special algebraic group acting on a scheme Y, we have from [18, Definition 2.1]
P, ([Y/H} EN M(Coh(S))> = P,(Y)/P,(H)

where P,(Y) is the virtual Poincaré polynomial of Y.
We define an element

5w,8(vorb) = [Mw,S(vorb) - M(COh(S))} € H(COh(S))

and its logarithm as:

(-pt
(2.5.1) €05 (Vorp) 1= > 7 Ows(01) %% 8u,5(0r)

f?l,?}l +-- -+v(:vorb,viel"g
Xw,v[ (m ) :Xw'vorb (m)

where X, , . (m) is the reduced Hilbert polynomial, i.e.,

(1) — Heowan (1)

s ay is the first coefficient )
d

Xw,vorb

Definition 2.1. Let
C(S) := Im(vgy, : Col(S) - T§).
Then if vy, € C(S), we define [ (vop) € Q as:

]w(vorb) = 11im (q - 1)Pq(€w,8(vorb));

qfﬁl
If_vorb € C(‘S)/ we deﬁne ]w(vorb) = Iw(_vorb) and ifivorb ¢ C(‘S)r then ]w (Uorb) =0.

[18, Theorem 6.2] guarantees that the limit above exists.



COUNTING EQUIVARIANT SHEAVES ON K3 SURFACES 7
2.6. Bridgeland stability conditions. We will construct the Bridgeland stability conditions on
DP(Coh(S)).

Definition 2.2. A Bridgeland stability condition on D?(Coh(S)) is a pair ¢ = (Z,.A) consisting of the
heart of a bounded t-structure A = DY(Coh(S)) and a group homomorphism map (called central charge)
Z : K(A) — C such that the following are satisfied:

(1) Z satisfies the following positivity property for any 0 # E € A:
Z(E) e {re™ :r>0,0<¢ <1}

(2) Every object of A has a Harder-Narasimhan filtration in A with respect to v,-stability, here the slope
vy of an object E € A is defined by

Yoo, if InZ(E) = 0,
Vo (E) =
o) _ReZ(E) otherwise
ImZ(E)’ :

(3) o satisfies the support property: Z factors as K(A) 5 A 2, C where A is a finitely generated free
abelian group, and there exists a quadratic form Q on AR such that Qlyer(q) is negative definite and

Q(v(E)) = 0 for any v,-semistable object E € A.
We say E € A is vy-(semi)stable if for any non-zero subobject F c E in A, we have
v (F) < (L)vo(E/F).
The Harder-Narasimhan filtration of an object E € A is a chain of subobjects
0=EycEic---cE;,=E

in A such that G; := E;/E;_; is vy-semistable and v,(G1) > -+ > vz(Gy). We set v (E) := v,(Gq)
and v, (E) := vy (Gpy).-
We now give a construction of Bridgeland stability conditions on § = [S/G]. For a fixed Q-divisor

D on S, we define the twisted Chern character ChP(E) = ¢~P Ch(E) for any E € D?(S). More
explicitly, we have

Chy = Chy = rank Ch} = Ch, —DChy +D72 Cho

ChP =Ch;—DChy  Ch} = Ch3 —DChy +2 Chy — 2% Chy.

Let w be an ample divisor on S. We define the twisted slope i, p of a coherent sheaf E € Coh(S)
by

+00, if ChY(E) =0,
Hap(E) = wChP (E) .
ZChD(E)’ otherwise.

There exists Harder-Narasimhan filtration
OIE()CElC---CEn:E

such that E;/E;_1 is p,, p-semistable and p, p(E1/Eo) > -+ > Mew,p(En/En—1). We let ‘u;D(E) =
#w,p(E1/Eo) and i, p(E) := piy,p(En/Ey—1). We define

(2.6.1) Fe,p = {E € Coh(S)|u, ,(E) <0}
Tw,p == {E € Coh(S)|u,, p(E) > 0}
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We let Ay, p = DY(S) be the extension-closure (F,, p[1], 7o, p)- By the general theory of torsion pairs
and tilting [8], Ay, p is the heart of a bounded t-structure on Db(S ); in particular, it is an abelian
category. Let k > 0 be a positive rational number, and consider the following central charge

k2 .
Zyp(E) = —Ch?(E) + ?02 ChY(E) + iw ChY (E),

where E € A, p.

Theorem 2.3. Forany (k,D) € Q=9 x NS(S)q, 0k p = (Zkp, Aw,p) is a Bridgeland stability condition on
S.

PROOF. By the following Hodge index theorem and Bogomolov’s inequality on S, one sees that

AP(E) := (wChP(E))? - 2w? ChP (E) ChP (E) = 0

for any y,, p-semistable sheaf. Therefore the required assertion is proved in [3], [1] and [2, Appendix
2]. See also [21, Corollary 2.22]. []

Theorem 2.4 (Hodge index theorem). Let L be a divisor on S, then we have
L2w? < (Lw)>.
Theorem 2.5 (Bogomolov’s inequality). Let E be a torsion free y,, p-semistable sheaf on S. Then we have
A(E) := (ChP(E))?> —2Ch{ (E) ChE (E) > 0.
Proof. See [15]. O

The stability condition oy p above is usually called tilt-stability or vy p-stability, where the vy p-
slope of an object E € A, p is defined by

+0, if wChP(E) =0,

v E) =
A R

herwise.
wChD(E) p otherwise

The vy, p-semistable objects still satisfy Bogomolov’s inequality:

Theorem 2.6. Let E be a v p-semistable object in A, p. Then we have

AP(E) := (wChP(E))? - 2w? Ch2 (E) ChP (E) > 0.

Proof. The proof is the same as that of [2, Theorem 3.5]. g

2.7. The moduli stack. For the Bridgeland stability condition 0 = (2, Ay), let Mt () be the
moduli stack of o-semistable objects E € D(Coh(S)) with v, (E) = 0o, If G = 1, Toda in [26],
[25, §3] proved that the stack M () is an Artin stack of finite type over C. When G is nontrivial,
the sheaves inside the moduli stack MY (o) of G-equivariant sheaves must be G-invariant. Let
ME be the moduli stack of G-fixed stable objects in the heart A,. Let M%m ()¢ = M be the
corresponding G-fixed objects in M7 (¢) (i.e., forgetting about the G-equivariant structure). Then

Mvorb (0—) s Mvorb (O')G

is a fibration with fiber the G-equivariant structures for a G-fixed sheaf. The fixed part M () is
a closed substack of the moduli stack of semistable objects in S which is finite type over C. Therefore
the moduli stack M7 (¢) is also an Artin stack of finite type over C.
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2.8. Joyce invariants |7 (v, ). Generalizing the construction in §2.4, and §2.5, let H (A, ) be the Hall
algebra of objects in the heart A, which is an abelian category.

Still let M (A, ) be the moduli stack of objects in the abelian category A, which is an algebraic
stack locally of finite type over C. For the moduli stack M (¢) corresponding to 0 = (2, Ay ), we
have an elment

S0 (Vorb) = [MP? () = M(Aw)] € H(Aw)
Its logarithm is given by:
( -1 ) -1
(2.8.1) eg'(vorb) = Z / (50(01) *oe ek 5g<vg)

(=101 +---+vé:vorb,viel"g
arg Z(v;)=arg Z(Vorb)

Then consider P, : H(Aw) — Q(q%) and we define

Definition 2.7.
]a(vorb) = llim (q - 1)€t7(vorb) €Q.
qf—»l

Our main result is:

Theorem 2.8. The Joyce invariant ] (voy, ) is independent to the stability conditions. Moreover
IU(Uorb) = ]w(vorb)'

2.9. Gieseker stability and v, p-stability. We will recall the relations between the Gieseker stability
and vy p-stability.
We define the twisted Hilbert polynomial of a sheaf E on S as:
m? ChP(E) Cnl(E)
Em) =™ .2 1 2
Gu,p(E, m) yw + mw K (E) + (E)

Definition 2.9. We say E is (w, D)-twisted Gieseker (semi)stable (or G, p (semi)stable) if for all proper
subsheaves F — E, we have G, p(F, m) < (<)Gg,p(E, m) for m >> 0.

+x(Os)

We can write just G, p(E, m) and vy p(E) in the following form:

2 D D
_m® 5,  wChy (E) Ch; (E)
(2.9.1) Gu,p(Em) = 5w’ + k() m+ K (E) +x(Os)
2 D
_m 5 9 Chy (E)
= 5w + w ey p(E)m + Tk (E) +x(0s)
and
2
(2.9.2) v p(E,m) = ~5w’Chy(E) | Chy(E)

wChP (E) wChP(E)
_ 1 K Chy(E)
Mop(E) 2 wChP(E)

We give the orbifold analogue of Proposition 6.4 and Proposition 6.5 in [25]. We follow the strategy
in [22] given by the third author.

Proposition 2.10. For any object E € Coh(S) n Ay, p, there exists a constant N only depending on E such
that E is G, p-semistable if E is vy p-semistable for some k > N.

Proof. We assume that E is vx p-semistable for some k > 0 but not G, p-semistable. Then one can take
a subsheaf F ¢ E such that E/F is G, p-semistable and G,, p(F,m) > G, p(E, m) for m » 0. Hence
by the definition of G, p and A, p, we obtain two cases:

(1) pew,p(F) > pw,p(E) >0and p,p(E/F) > 0;
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D D
@ 1,0 (F) = 1,0 (E) > 0, pop(E/F) > 0and SiE < i,
It is obvious that Case (2) contradicts the v; p-semistability of E. Thus one gets i, p(E) < pe,p(F).
This implies that w Ch; (E) rk F < w Ch;(F) rk E. Hence one sees that

wChP (F)rkE —wChP(E)tkF = wChy(F)rkE —wChy(E)rkF > 1;

w?tk E w?rk F w?
D - D = D D
wChy (E) wChy (F) w Chy (E) - w Chy (F)
1
~ WChP(E) - uy,p(F) Tk F
1

(2.9.3)

wChY (E) - p(E) Tk E
From the v} p-semistability of E, it follows that

2 2
Ch?(E) — §w?Ch§'(E) _ ChP(F) — b Chg (F)

wChP(E) - wChP(F)
Combining this and (2.9.3), one deduces
B k?/2 - k[ w?rkE  w*rkF
wChP(E) -l n(E)tkE ~ 2 \wChP(E) wChP(F)

Chy(F)  Chy(E)

> —
wChP(F)  wChP(E)
- Ch? (F) _ ChP(E)
~ W2tk Fepf H(E)  wChP(E)
D D
(2.9.4) - Ch; (F) ~ Chy (E)

w2tk E -l H(E)  wChP(E)

On the other hand, since E/F is G,, p-semistable, Bogomolov’s inequality gives

ChY(F) = ChP(E)-ChP(E/F)
> anp(p) - WEES i(g/?))z
> ChD(E) - (wCh?(E)z;ZJCh?(F))Z
- cnp(e) - WP E)

From this and (2.9.4), one infers that
k%/2 - Ch? (E) ~ (wCh{(E)>  ChP(E)

_wCh?(E).yZ,D(E)rkE w2tk E-pf o(E)  2(w?)2rkE-pf o(E)  wChP(E)
This implies

w b 3
(C(i}z)(f)) +21kE (1 p(E) = pro,n (E) ) Ch2 (E).

Therefore, one completes the proof by taking

K2 <

w D
[ EOTEE e (110 - o) b0
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Proposition 2.11. For any object E € Coh(S) n Ay, p, there exists a constant N only depending on E such
that E is vy p-semistable for any k > N if E is G, p-semistable.

Proof. The proof is a mimic of that of [22, Theorem 1.3]. We assume that E is not v; p-semistable for
some k > 0 but G, p-semistable. Let F be the v p-maximal subobject of E in A, p. By [22, Lemma
4.1], one sees that rk F < rk E if

AL 2 (E)rkE
kZNOZZJmaX{AW(E) ‘uw,D( )t ,0}.

w?rkE  w?+1kE
Hence F is a subsheaf of E when k > Nj. The G, p-semistability of E gives two cases:
(1) pew,n(E) > po,n(F) > 0;
Chy(E) _ ChP(F)

() po,p(E) = po,p(F) > 0and =E5= > =~
It is obvious that Case (2) contradicts that E is not vy p-semistable. In Case (1), one obtains
wChy(E) tk F > wCh;(F) rk E. Hence one sees that

wChP(E)rk F —wChP (F)rkE = wChy(E)rkF —wChy(F)rkE > 1.
It implies that

w?rkF  w?rkE w?
wChP(F) wChP(E) ~  wChP(E) wChP(F)
1
@ Ch{ (E) - preo,p (F) 1k F
1

(2.9.5)

WChP(E) - i (E) TKE
Since E is not v p-semistable, we have

ChP (E) ~ 5 w?Chf)(E) _ Ch(F) — Hw? ChY (F)

wCh? (E) wChY (F)
Combining this and (2.9.5), one deduces
K2/2 _ k[ «rkF  @’rkE
wChY (E) - pieyp(E) Tk E 2 \wChP(F) wChP(E)

Chy(F) _ Ch7(E)
wCh?(F)  wChP(E)
On the other hand, since F is v p-semistable, Bogomolov’s inequality gives

Ch2(F) _w ChP(F)

w Cth (F) = 2w2rkF

(2.9.6)

1
< E,uw,D(E)
From this and (2.9.6), one obtains

kz < C‘JCth(E),uw,D(E)rkE (,Mw,D(E)ZChZD(E)>

wCh? (E)
= oy, p(E)w?(tk E)? =2y, p(E) (tk E) Ch3 (E).
We finish the proof by taking

N = max {\/yi},D(E)wz(rk E)? — 241, p(E) (tk E) Chg’(E),No} .
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The above two propositions gives an equivalence between G, p-stability and v p-stability:

Theorem 2.12. For any E € Coh(S) n A, p, there exists a constant N only depending on E such that E is
vy, p-semistable for k > N if and only if E is G, p-semistable.

2.10. Proof of Theorem 2.8. From [25, Theorem 6.6], it is enough to compare [P (v, ) for oxp =
(Z2kp, Ap) and J¥(voy,) for k >> 0. From the construction of (2.5.1) and (2.8.1) before, after taking
Joyce invariants we have

-1 4
Feaw= Y S

021,01+ 4v=04y, i=1

and

-1 4
J70 (Do) = > ( 12 [ [ (1)

=101+ 4+0p=0op i=1

From Theorem 2.12 in §2.9, we have
M (oyp) = MY (w).

Thus we have Hle J¢(v;) = Hle Jok0 (v;).

3. SHEAVES ON LOCAL ORBIFOLD K3 SURFACES

3.1. Crepant resolutions. Recall the surface Deligne-Mumford stack S = [S/G] in §2.1, where G,
as a finite group, acts as symplectic morphisms on S. The stacky points of S consists of ADE type
orbifold points. Let

fiY>8=5/G

be the minimal resolution of S/G. It is a crepant resolution, and Y is also a smooth K3 surface. The
exceptional curves of Y over each orbifold singular point P € 5/G are given by ADE type Dynkin
diagrams. More details can be found in [9]. Consider the diagram:

Z
N
[S/G] Y

A

N

p
S/

such that [S/G] --» Y is a crepant birational morphism. This is the situation in [5], where Y is one
irreducible component in the G-Hilbert scheme G — Hilb, and Z < Y x § is the universal subscheme.
Therefore from [5, Theorem1.2], there is an equivalence

@ : D(Coh(S)) > D(Coh(Y))

between derived categories.
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Proposition 3.1. We have the following commutative diagram:

(3.1.1) D(Coh(8)) —2= D(Coh(Y))

l l

K(Coh(8)) —2= K(Coh(Y))

éh/@l iCh-\/@
HER (S) — 25— H*(Y)

such that it induces an isomorphism
between the Chen-Ruan cohomology of S and the cohomology space of Y.

Proof. This is the result in [5], and known result for the cohomology of the crepant resolution and the
Chen-Ruan cohomology of the stack S = [S/G]. a

3.2. Local orbifold K3 surfaces. For the Calabi-Yau surface Deligne-Mumford stack S = [S/G], and
the K3 surface Y, we take

X =8xC, Z=YxC.

Here Z is called the local K3 surface and X is called the local orbifold K3 surface. X is a smooth
Calabi-Yau threefold Deligne-Mumford stack. Their natural compactifications are given by

X=8xP, Z=vxP.

Let

T:X=8xP'>P,; 7:Z=YxP' >P!
be projections. We consider the abelian subcategories

Coh,(X) = Coh(X); Cohz(Z) = Coh(Z)

to be the subcategories consisting of sheaves supported on the fibers of 77. We denote by:
(3.2.1) D§ = D?(Cohr(X)); D§ := D"(Cohxn(Z))
the corresponding derived categories of Coh,(X), Cohy(Z) respectively. We define:
Definition 3.2.

DS := (7r* Pic(IP'), Coh (X)) = DP(Coh(X))

DY := (7% Pic(P'), Cohr (Z))e = DP(Coh(Z)).
3.3. Chern characters. We introduce the Chern characters on the categories in §3.2. Let

m:X=8SxP' - S

be the first projection morphism.

Definition 3.3. Define the homomorphisms

~ Ch
(3.3.1) do : K(D§) ™ K(S) ST§
and

Ch-y/td
(3.3'2) Yorb * K(Dbs) % K(S) - ° r((l;
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For the triangulated category D, we have
I6 = H'(%) @ (§ W HA(PY, Q) « Hix (%,Q)
Thus we have a group homomorphism
d:=Ch:K(DS) - TC
We can write I'C as:
r‘=QeQeNs©S)eQ"oQ

and vy, € I is given by vy, = (R, 7, B,n) such that (r, E,n) eI'§ and E e NS(S)@Qlhsl,

For the K3 surface Y, and Z = Y x P!, we have similar Chern character morphisms as in [26, §2.3]:

dy : K(DY) 5 k(Y) ST,

where Y ~ Z®NS(Y) ®Z, and

(3.3.3) - K(Dg) Ty K(Y) Chﬁrg
Also for DY := (7r* Pic(IP'), Coh,(Z) ), we have

cl=Ch:K(Dy)—Tj
where [ = Z®T}.

3.4. Joyce invariants in Coh,(X). Still let 7 : X = S x C — C be the projection. Let Coh,(X) <
Coh (X) be the subcategory of sheaves supported on the fibers on 77 : X — C.

Let M (%) be the stack of objects in Coh(X), and this stack is an algebraic stack locally of finite
type over C. Similarly as in §2.5, let {(Coh, (X)) be the Hall algebra of the category Coh,(X). Let
M,z (Vorp ) be the moduli stack of w-Gieseker semistable sheaves E € Coh (X) satisfying vy, (E) =
Uorb as in (3.3.2). The stack My, x (vorp) is an algebraic stack of finite type over C. Thus there is an

element
5w,3€ (Uorb) = [Mw,% (vorb) - Mﬂ(x)] € H(COhﬂ (%))
Its logarithm is given by:

-1 (-1
Cu e (oot = > O e (o0) B x 1)
621,01+--~+w;:vorb,v,-el"g
Tty ()T (1)

Then we can define the Joyce invariants:
Definition 3.4. Let
C(X) := Im(vgy, : Cohr(X) - T§)
We define the Joyce Invariants: If vy, € C(X),

]w(vorb) = llim (q - 1) : Pq(ew,%(vorb))

g2
If —vop € C(X), J“(—vorb)- ] (Vo) = 0 otherwise.

Similar to the case of K3 surfaces, the Joyce invariants J“(v,,,) is independent to the polarization
w.
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3.5. A digression on Hilbert scheme of points on S. We talk about the Hilbert scheme Hilb" (S) of
zero dimensional substacks in the Deligne-Mumford surface S. A good reference can be found in [6].
First we have

Hilb(S) ~ Hilb(S)°,

i.e., the Hilbert scheme of zero dimensional substacks of S is naturally identified with the G-fixed
Hilbert scheme of S. More detail explanation of the zero dimensional substacks supported on the
stacky points of S can be found in [6, §2].

The components of Hilb" (S) are given by the K-theory class of O7 for T < S the zero dimensional
substack of S. Let Py, - - - , P, € S/ G be the singular points where the stabilizer subgroups G; < G have
orders k; and ADE type A(7) (A(i) is the corresponding root system (ADE type)). One can write down
the K-theory class as:

r n(i)
(35.1) [O7] = n[Op] + > > mi(i)[Op, ®p; (i)
i=1j=1

where P € S is a generic point. Around the singular point P; € S/G, we have G;  SU(2) and A; has
rank n(i). Here pg(i), p1(i),- -, pp(;) (i) are the irreducible representations of G;. Let m = {m;(i)} and
let Hilb™™(S) < Hilb(S) be the component with respect to the K-theory class (3.5.1). We let

r n(i)
Dy = Z Z m](z) : E](l)

i=1j=1
where Ej (i), -+, E, (i) are the exceptional curves over P; under the crepant resolution Y — S/G.
As in [6, 85], we write m = {m; (i)} as the vector m(i) € M ;) in the root lattice. We have

r

Dy = — >, (m(i)|m(i)) ;)

i=1
From [6, Proposition 5.1], we have
Lemma 3.5. There exists a birational morphism between the Hilbert scheme Hilb™™(S) and the Hilbert
scheme Hilb"*2Pn (Y).
Recall the isomorphism @, : HE (S) — H*(Y) in Proposition 3.1, if there is a Mukai vector
Vorb € TS, then vy := @y (v,y) is @ Mukai vector in T} . We can write 0oy, € IS as
Uorb = (7’, (5/ m),n)

where m = {m;(i)} corresponding to the stacky points Py,---,P,. Under the crepant resolution
morphism

c:Y—-S/G
we have m;(i)[Op, ® p;j(i)] correspond to m;(i)[E;(i)]. Let

1
n:={vy,vyy/2+1— EDﬁl.

Since under the isomorphism @y : HEx (S) — H*(Y), (Vorb, Vorby = {Vy, Vy).

Lemma 3.6. For any Mukai vector vy, = (r, (B, m), n) € T§ such that vy = ®y(vey,). There is a birational
morphism

Hilb"™ (S) --» Hilb@r2/2+1(y),
Proof. This is from Lemma 3.5. -
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3.6. Multiple cover formula. Recall the Joyce invariant J* (v, ) for voy, € Fg in Definition 3.8. Since
the invariant is independent to the polarization w, we just write the Joyce invariant as J(vqy,).

Theorem 3.7. There is a multiple cover formula for J(vop, ):
1 .
](vorb> = Z pX(Hll o (S)>
k|vorbrk>l

where the data n, m are determined by 1vom, = (r, (B, m), n).

We prove Theorem 3.7 in the following sections.
3.7. Bridgeland stability conditions on Dy and D}. On the category Coh,(X) (or Coh,(Z)), we
have the classical slope stability as in §2.6. For E € Coh(X),

Vw(E) = wrkc(lé)E)

We still have the maximal slope ., (E) and minimal slope p, (E) in the Harder-Narasimhan filtration
of E. We also have the torsion pair (F, 7,) as in (2.6.1). Let

B = (Foll], Ty < DF
Then %,, is the heart of a bounded t-structure on D(‘)S . Note that replacing w by tw does not change
B, for t > 0. Let us define
th : K(%w) —C

by

E— J e~ @ Ch(E)

S
where Ch(E) = (Chy(E),Chy(E),Chy(E)) € H*(S) by the general Chern character. Then
20,2

Zw(E) = —Chy(E) + 7Ch0( ) + itw Chy (E).
The pair 01 = (24w, Bw) is a Bridgeland stability condition, i.e.,
Ciwo = (Z1o, ) € Stabyg (D§)
where Stabré; (Dg') is the Bridgeland stability manifold.

Let H(%.,) be the Hall algebra of the abelian category %.,. Let My, (vop) = M(ZB) be the
moduli substack of Zj,,-semistable objects E € %, with cl(E) = vyy,. Then we have an element

Sa1, (Vorb) = [Miw (Vorp) = M (L)) € H(Bw)
and its logarithm

(-t
3.7.1) €0, (Vorb) 1= > 7o (V1) %% ey, (00)

(=104 +"'+Ul;‘:v0rbfvierl();
arg Zi., (v;)=arg Ziw (Vorp)

We let N
C(By) :=Im(cly : By —T§)
Definition 3.8. For vy, € C(A,,), we define
an (vorb) - hml(q - l)Pq (emw (vorb))'
q2
For —Uorb € C( w) Uwe deﬁne] e (Uorb) - ] tw( Z]orb)'
For Uorb ¢ C( ) ] tw( orb) 0.
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3.8. The invariant ] (v,y,). We work on Coh (%). Similarly from Definition 3.8, we can define Joyce
invariant

jw (Uorb) €Q
counting w-Gieseker semistable sheaves E € Cohy(X) with v51,(E) = voy € I§. Also from [26,
Theorem 4.21], T (v, ) does not depend on w. We have

Lemma 3.9. For any vy, € 1"6;,

jw (Uorb) = TTM (Uorb) :
Forany vy € l"g,
T (o) = T (vy).
Proof. This is from Theorem 2.8 proved in §2.10, and [26, Theorem 4.24]. O
Recall that T (v ) is defined as

llim (q - 1)Pq (ew,§<vorb))
q?—»]

where

ew,f(vorb) = Z ; (5(4),?(01) Foex (Sw,f(vé)
521,7]1+---+U€:U(,rb,vi€rg
Xw,v,- (m):X“’/Uorb (m)

Also since the invariants J* (voy,) also are independent to the stability conditions. We just write
them as ] (0yp ). Then the same arguments as in [26, Lemma 4.25, Lemma 4.26] show that

Lemma 3.10. We have

](Uorb) = 2](Uorb)
Similar relations hold when we replace [(voy,) and J(vgp ) by J(vy) and J(vy) respectively.

3.9. Automorphic property. We prove some automorphic property of J (v, ). Let us write down the
derived equivalence:
® : D(Coh(S)) — D(Coh(Y))
explicitly from [5]. The equivalence & is given by:
O(—) = Rp2upi (- ®"E)
for the kernel £ € D(S x Y) of &, where p; : S x Y — Sand p, : S x Y — Y are the projections. Thus
we have the diagram (3.1.1) before, such that

(=) = Ip2(Ipi (=) - Ch(E) -1/ tds )
where
Ip1 : IS xY - IS
and
Ipy 1 IS xY =Y
are projections on inertia stacks. @ induces an isomorphism on the weight two Hodge structures.

Note that in general Hcr(S), taken as the Chen-Ruan cohomology, will have Q- or C-coefficients.
Since we take N
Vorb : K(Coh(S)) — Hcr(S)

by
E — Ch(E)y\/tds
We call Heg(S) an integral structure since from Fourier-Mukai pairing,
X(E,F) = —(vom (E), vorn (F))-
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And ®, should be an isomorphism from Hcg(S) to H(Y, Z).
The derived equivalence ® induces an isomorphism on the stability manifolds:
g : Stab(D(Coh(S))) — Stab(D(Coh(Y))).

Proposition 3.11. Let Stab®(D(Coh(S))) and Stab®(D(Coh(Y))) be the connected components containing
the stability conditions oy, constructed before. Then @ takes Stab® (D (Coh(S))) to Stab®(D(Coh(Y))). For

any Vo, € 1"6; , we have
J5(Oorb) = Jy (Px0om) = Jy(vy)-

Proof. The proof is similar to [26, Proposition 4.29]. Consider X = S x P! and Z = Y x P1. Then the
equivalence @ : D(Coh(S)) — D(Coh(Y)) induces an equivalence

& : D’(Coh(X)) = D'(Coh(Z))
such that the kernel is given by:
EXOy, € DY(Coh(S x Y x P! x P1)).

Thus ® restricts to give an equivalence: between D(‘;s and D} . Therefore the diagram (3.1.1) gives a
diagram:

P
(3.9.1) D§ —= DY
a+0 t’asi \LCIO V/tdy
@
r§ —==1¥
Also @ induces the isomorphism
g : Stabre (D§) = Stabpy (DY).
Take o5 € Stablcioc (D§), such that g (0s) = oy. For any v, € IS, from diagram (3.9.1), we calculate
TY(qD*Uorb) = T;Y (cb*vorb)
—d,
= ]Y (o) (q)*vorb)
= T.;S (Uorb)

= J5(Vorb)-

From Lemma 3.10,

Corollary 3.12. We have:
Js(Vorb) = Jy(0y).

3.10. Proof of the multiple cover formula Theorem 3.7. In this section we prove the multiple cover
formula for the invariants [(vo) for vy, € Fg .

First for the Mukai vector vy € FOY, since Y is a smooth K3 surface, Toda’s multiple cover formula,
which was proved in [19], says

Joy) = ] %X(Hilb<vy’vy>/2+l(Y)).

k|'Uy,k21
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Since J(vy) = J (Vo) for @y (vom) = vy, we have
1 .
J@on) = 3, A (HI& /2 (Y)),
k‘Uy,kzl
From §3.5 and Lemma 3.6, we have
Hilb"™(S) --» Hilb{t /24 (y)
is birational equivalent, where
or oy 1

- L2 Torb Torb _1 2
n.—<k,k>/2+1 sz—< Tk /241 5Dm

and m is determined by the Mukai vector ¢ = (r, (8, m), n) € I'§. Therefore we have

Joom) = Y, x(HIb(S))

k|vorb/k21
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